We establish common fixed point theorems involving two pairs of weakly compatible mappings satisfying nonlinear contractive conditions in K -metric spaces. The presented theorems generalize, extend and improve many existing results in the literature.
Introduction and preliminaries
One of the simplest and most useful results in the fixed point theory is the Banach-Caccioppoli contraction mapping principle. This principle has been generalized in different directions in different spaces by mathematicians over the years (see ).
Fixed point theory in K -metric and K -normed spaces was developed by Perov et al. [17, 20, 21] , Mukhamadijev and Stetsenko [18] Vandergraft [24] and others. For more details on fixed point theory in K -metric and K -normed spaces, we refer the reader to fine survey paper of Zabrejko [26] . The main idea consists to use an ordered Banach space instead of the set of real numbers, as the codomain for a metric.
In 2007 Huang and Zhang [12] reintroduced such spaces under the name of cone metric spaces and reintroduced definition of convergent and Cauchy sequences in the terms of interior points of the underlying cone. They also proved some fixed point theorems in such spaces in the same work. After that, fixed point points in K -metric spaces have been the subject of intensive research (see, e.g., [1, 2, 13, 14, 22, 19, 25] ). The main motivation for such research is the main point raised by Agarwal [3] , that the domain of existence of a solution to a system of first-order differential equations may be increased by considering generalized distances.
Recently, Wei-Shih Du [10] used the scalarization function and investigated the equivalence of vectorial versions of fixed point theorems in K -metric spaces and scalar versions of fixed point theorems in metric spaces. He showed that many of the fixed point theorems for mappings satisfying contractive conditions of a linear type in K -metric spaces can be considered as the corollaries of corresponding theorems in metric spaces. Nevertheless, the fixed point theory in K -metric spaces proceeds to be actual, since the method of scalarization cannot be applied for a wide class of mappings satisfying contractive conditions more general than contractive conditions of a linear type. In this paper, we prove common fixed point theorems involving two pairs of weakly compatible mappings satisfying nonlinear contractions in K -metric spaces. The presented theorems generalize, extend and improve some recent fixed point results in K -metric spaces including the results of Huang and Zhang [12] ; Rezapour and Hamlbarani [23] ; Abbas and Jungck [1] ; Olaleru [19] . In all our results, the normality assumption, which is a characteristic of most of the previous results, is dispensed.
We shall recall some definitions and mathematical preliminaries. Let E be a real Banach space with respect to a given norm ‖ · ‖ E and 0 E is the zero vector of E. Definition 1.1 (See Zabrejko [26] ). A non-empty subset K of E is called a cone if and only if
where K is the closure of K .
A cone K defines a partial ordering ≤ E in E by x ≤ E y if and only if y − x ∈ K . We shall write x < E y to indicate that x ≤ E y but x ̸ = y, while x ≪ y will stand for y − x ∈ int(K ), where int(K ) denotes the interior of K . A cone K is said to be normal if there exists a constant M ≥ 1 such that 0 E ≤ E x ≤ E y implies ‖x‖ E ≤ M‖y‖ E . The least positive number M satisfying this inequality is called the normal constant of cone K . For further details on cone theory, one can refer to [4, 23] . [26] ). Let X be a non-empty set. Suppose the mapping d : [12] ). Let (X, d) be a K -metric space and {x n } is a sequence in X . We say that {x n } is Cauchy if for every c ∈ E with 0 E ≪ c, there
Definition 1.2 (See Zabrejko
X × X → E satisfies (d1) 0 E ≤ E d(x, y) for all x, y ∈ X and d(x, y) = 0 E if and only if x = y; (d2) d(x, y) = d(y, x) for all x, y ∈ X ; (d3) d(x, y) ≤ E d(x, z) + d(z, y) for all x, y, z ∈ X . Then d is called a K -metric on X and (X, d) is called a K -metric space.
Definition 1.3 (See Huang and Zhang
In this case, we denote x n → x as n → +∞.
A K -metric space (X, d) is said to be complete if every Cauchy sequence in X is convergent in X . Definition 1.4. Let f : E → E be a given mapping. We say that f is a non-decreasing mapping with respect to ≤ E if for every x, y ∈ E, x ≤ E y implies fx ≤ E fy. Definition 1.5. Let f and g be self-maps on a set X . If w = fx = gx, for some x in X , then x is called coincidence point of f and g, where w is called a point of coincidence of f and g. [15] ). Let f and g be two self-maps defined on a set X . Then f and g are said to be weakly compatible if they commute at every coincidence point.
Definition 1.6 (See Jungck and Rhoades

Main results
We consider the set L of functions ϕ : K 5 → K satisfying the following properties: (i) ϕ is continuous; (ii) ϕ is non-decreasing with respect to ≤ E in the 4th and 5th variable; (iii) there are h 1 > 0 and h 2 
The main result of this paper is the following. Proof. Let x 0 be an arbitrary point in X . Since TX ⊆ IX and SX ⊆ JX , we can define the sequences {x n } and {y n } in X by
By (iii), we have
Again, using (1), we have
By (iii), we obtain
Combining (2) and (3), we have
Continuing this process, we get
From (iii), we get
Using (4), we obtain
From (4) and (5), we get
Let c be an arbitrary element in E with 0 E ≪ c. Since 0 < h < 1, there exists N ∈ N such that
From (6), (7) and using the triangular inequality, for all n > m > N, we have
≪ c. Therefore, {y n } is a Cauchy sequence in (X, d). Suppose that IX is complete. Then there exists u ∈ IX such that
Consequently, we can find v ∈ X such that Iv = u.
(9)
We claim that Sv = u. Using (1) and (9), we have , y 2n−1 ), d(u, Sv), d(y 2n−1 , y 2n ), d(u, y 2n ), d(Sv, y 2n−1 ) ).
Letting n → +∞ in the above inequality, using (6), (8) and the continuity of ϕ, we have
Since u = Sv ∈ SX ⊆ JX , there exists w ∈ X such that u = Jw. (11) We claim that T w = u. Using (1), we have
Now, combining (9) and (10), we have
that is, u is a point of coincidence of I and S. Combining (11) and (12), we get u = Jw = T w, (14) that is, u is a point of coincidence of J and T . Now, suppose that u ′ is another point of coincidence of I and S, that is,
Now, suppose that u is another point of coincidence of J and T , that is,
Then, we proved that u is the unique point of coincidence of {S, I} and {J, T }. Now, if {S, I} and {J, T } are weakly compatible, from (13) and (14), we have Su = S(Iv) = I(Sv) = Iu = w 1 (say) and Tu = T (Jw) = J(T w) = Ju = w 2 (say). Now, from (1), we have
From (iv), we get w 1 = w 2 , that is,
Again, from (1) and using (15), we have
By (iv), we deduce that Sv = Tu, that is, u = Tu. This implies from (15) that
Then u is the unique common fixed point of S, I, J and T . The proofs for the cases in which SX , JX or TX is complete are similar, and are therefore omitted. Now, using the obtained result given by Theorem 2.1, we will prove the following theorem. 
.
Moreover, inequality (16) is equivalent to (1) . Then, to obtain the desired result, we have only to apply Theorem 2.1 for the considered function ϕ. Hardy and Rogers theorem [11] . Moreover, If A = 0 and B = 0, C ̸ = 0 or B ̸ = 0 and C = 0, we obtain Kannan fixed point theorems [16] .
• If S = T and I = J, we have [12, Theorem 3.1].
